In the paper the Pair Approximation (PA) method for studies of the site-diluted spin-1/2 systems of arbitrary dimensionality with the long-range ferromagnetic interactions is adopted.
Introduction
The studies of the systems with the long-range interactions constitute a challenging contemporary problem in statistical physics.
1) The important part of the studies concerns the systems with the so called 'strong long-range interactions', 1) which term denotes the couplings decaying with the distance slow enough to cause a failure of extensivity which is the basis for formulation of thermodynamics. However, there is a wide class of systems in which such a behaviour does not emerge and usually formulated thermodynamics is an appropriate
In this paper, within the PA method, the equation for the critical (Curie) temperature for the system in question has been obtained. Attention is being focused on a specific form of long-range interactions, namely decaying with the distance according to the power law. For such a coupling the dependence of the critical temperature on the concentration of magnetic atoms for various anisotropy parameters characterizing the coupling has been illustrated and discussed.
Theoretical model
The Hamiltonian of a spin-1/2 site-diluted ferromagnet with the long-range interactions can be written in the following form: 
where J k = J r i j > 0 is the ferromagnetic exchange integral between two spins i and j, the distance between which amounts to r i j = r k . It is assumed that one of the spins is the k-th nearest-neighbour of the other one, i.e. this spin belongs to the k-th coordination zone around the central one and the set of radii r k for k = 1, 2, . . . characterizes fully a given crystalline lattice. The parameter 0 ≤ ∆ ≤ 1 is the anisotropy of interaction in the spin space, and is assumed to be independent on the distance between interacting spins. ∆ = 0 corresponds to Ising interaction, while ∆ = 1 is the isotropic Heisenberg coupling. The site dilution is introduced by means of the occupation number operators ξ i , for which the configurational average ξ i = p yields the concentration of the magnetic atoms. The external magnetic field is denoted by h. Since the interaction is long-ranged, the summation in the Hamiltonian extends for all site pairs of the considered crystalline lattice.
In order to describe the thermodynamics of the model in question, the Pair Approximation method is extended to be capable of treating the systems with the long range interactions. The method is based on the cumulant expansion technique for the free energy, 55) which constitutes a systematic approach used in the frame of CVM. In the PA only the first-and second-order cumulants are taken into account, and the higher-order cumulants are neglected. This corresponds to the assumption that only the single-site and pair cluster energies contribute to the total energy. The spin-spin interactions within each cluster pair are taken exactly. The molecular fields in which the clusters are embedded play a role of variational parameters. These parameters can be self-consistently determined from the condition that the Gibbs energy in equilibrium must achieve a minimum. Moreover, the magnetizations calculated basing on single sites and on pairs must be equal, which is imposed by a consistency condition.
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The PA method has been previously applied to the extensive studies of various magnetic systems with the interactions limited to nearest neighbours [56] [57] [58] [59] [60] and has been exhaustively described there; therefore, only a brief scheme is presented here.
The quantum state of a spin is described by means of the following density matrices:
for a single spin at site i and
for a pair of spins at sites i and j. Here, J k is the interaction for the k-th coordination zone of the given crystalline lattice and β = 1/ (k B T ).
In the present formulation the total Gibbs energy per site, averaged over magnetic component configurations, G r = H r − S r T , can be expressed in the following form:
where z k is the number of lattice sites belonging to the k-th coordination zone. The single-site and pair Gibbs energy terms are:
and
respectively.
The parameter Λ has the interpretation of a molecular field acting on a single spin and originating from all the spins in its environment. The analogous parameter Λ ′ denotes a molecular field acting on a selected pair of spins, one of them being a k-th nearest neighbour of the other. Both parameters can be further expressed using the variational parameters λ j which constitute molecular fields acting on given spin and resulting from its interaction with an j-th nearest neighbour spin. Therefore we can write:
Author's version of the manuscript published in J. Phys. Soc. Jpn. Tr i j ρ i j S i + S j , which impose a condition that the magnetization for a given lattice site is the same when calculated using either a singlesite or a pair density matrix. Such a procedure leads to the self-consistent set of equations in the form of:
where k = 1, 2, . . . numbers the subsequent coordination zones. After plugging in Eq. (8) the formulas (6) and (7) the set of equations for λ j variables is finally obtained.
The solution to the infinite set of self-consistent equations (8) allows the Gibbs energy to be determined and hence the thermodynamic behaviour of the system can be completely characterized. Further thermodynamic quantities of interest can be obtained as appropriate derivatives of the Gibbs energy with respect to its natural variables.
It should be emphasized here that the Gibbs energy, which has been constructed from the enthalpy H r (i.e., the mean value of the Hamiltonian containing interaction with the external field h) and the entropic part S r T , in general, is a function of three parameters: h, T and N. Since we are using the canonical ensemble with N = const., only the temperature T and the external field h are (intensive) thermodynamic parameters for which the Gibbs energy can be treated as a thermodynamic potential. As these two variables can easily be controlled in the experiment, they appear to be very convenient in magnetism.
The present paper focuses on the critical temperature of the second-order phase transition for ferromagnetic system.
It is worth mentioning here that in the system with spin S = 1/2 and solely ferromagnetic NN interactions we do not expect to obtain the 1st order phase transitions. Such discontinuous phase transitions may occur when the competitive interactions (often introduced for higher spins), or magnetic frustration take place, which is not our case. For the continuous phase transitions the derivation is presented in details in Appendix A.
Within this approach, we obtain the following equation for the critical (Curie) temperature
where 
which is insensitive to the interaction anisotropy in the spin space.
Let us remark that for a specific case of Ising couplings limited only to nearest-neighbour spins, i.e., when J 1 > 0, J 2 = J 3 = · · · = 0 and ∆ = 0, we can solve Eq. (9) to obtain the expression for the critical temperature in the form k B T c /J 1 = 1/ 2 ln pz/ (pz − 2) , which agrees with the results previously reported in Refs. [56] [57] [58] 61) On the other hand, for Heisenberg couplings with ∆ = 1 we obtain k B T c /J 1 = 1/ ln pz/ (pz − 4) .
56)
We should also mention that the validity of our approach, the outcome of which is Eq. (9), is limited to such interactions J (r), for which the sum in Eq. (9) is convergent and all thermodynamic quantities resulting from the used formulas (like the Gibbs energy per site) are finite. This implies that the interaction should decay fast enough with the distance between magnetic moments.
In order to illustrate the critical temperatures resulting from the equation (9), let us assume for further calculations a specific form of distance dependence of couplings between magnetic moments. For this purpose we will select a power-law decay of the interaction, in the form of:
(k = 1, 2, . . . ), where J 1 and r 1 are the coupling energy and distance between nearest neighbours for a given lattice. The exponent n > 0 characterizes the power decay. This form of distance dependence of the coupling is known as 'magnetic Grüneisen law' and has been postulated in. 62 ) Moreover, such a dependence is also used for interpretation of the experimental data. 63) Let us mention that such a formula is an empirical one and is applied to both ferro-and antiferromagnetic interactions. All the results presented below will be normalized to the parameter J 1 (i.e., NN interactions) setting the energy scale.
One of the interesting issues is the character of dependence of the Curie temperature on the concentration of magnetic component p. In particular, the range of small p is of special interest. In this regime the detailed structure of the underlying crystalline lattice is not expected to be important, leaving only the dependence on the dimensionality d of the lattice. As a consequence, a continuous approximation can be applied to the Eq. is:
presented result is valid only for the exponent n > d, for the distance dependence of the interaction given by (11) . Ω 0 denotes the volume/area/length (depending on the dimensionality) of the system per site. Γ (x) is Euler gamma function. The condition n > d is used to guarantee the convergence of the total energy and associated quantities, including convergence of the sum in Eq. (9).
The most important finding from Eq. (12) is that the critical temperature is no longer proportional to p, as in MFA (Eq. (10)). Instead, it varies in a non-linear way, proportionally to Another interesting problem concerns the existence of the finite critical concentration p c below which the critical temperature vanishes. Such a critical concentration has been found within the PA method for the diluted systems with interaction limited to the nearest neighbours only. 56) In the presented case, from Eq. (9) (or from its alternative form (B·1)), in the limit T c → 0 and J (r) > 0 for all r < ∞, we can obtain p c = 2 
Numerical results and discussion
In Fig. 1(a) It is instructive to present the same dependence on the double logarithmic scale, as plotted in Fig. 1(b) . From such presentation it is visible that for the lowest concentrations p, the For large values of n, corresponding to a considerably fast decrease of the coupling with the distance, a series of subsequent kinks is visible in Fig. 1(b) . The first one corresponds to p = 2/z 1 , while the positions of the other correspond to p = 2/ (
etc. The positions of the above mentioned kinks are indicated in the plot with dashed vertical lines. According to the discussion of the critical concentration, and the formulas presented at the end of previous Section, these values correspond to the critical concentrations, which would appear when the interactions were cut off at the first, second, third, etc., coordination zone, respectively. Since such cutting-off does not take place when n < ∞, the critical temperature does not fall to zero at those values; instead, only the rapid decrease of critical temperature takes place and a noticeable kink is formed at the curve. When n → ∞, the behaviour of T c is convergent to the behaviour of the Ising model with interaction only between Let us also present analogous dependencies calculated for one-dimensional lattice (chain), which are shown in Fig. 2(a) and (b), on the linear and double logarithmic scale, respectively.
Contrary to 3D sc lattice, for 1D system there is nonlinear regime of T c for large values of p. One can see that the first kink in Fig. 2(b) emerges at p = 1, and when index n increases the critical temperature at this kink quickly drops to zero. In the limiting case, when n → ∞, only the NN interaction J 1 remains (J k =0 for k ≥ 2 on the basis of Eq (11)). Then, we found magnetic atoms and finite n, the features are rather similar to the ones present in the previous case (i.e. the presence of further kinks and power-law dependence of T c on p when p → 0 can be seen in Fig. 2(b) ). The difference in the critical temperatures tends to vanish for the increasing index n in the range of large concentrations p. This reflects the fact that for large n the most important role is played by the interaction with nearest neighbours, the number of which is equal for both Eq. 12. Fig. 4 illustrates the results for two lattices of the same dimensionality -sc 3D lattice and fcc 3D lattice. In this case it is visible that the critical temperature is higher for fcc lattice where the density of sites is greater. However, the slope of the dependence of T c vs.
p on the double logarithmic scale is the same in low p range for both lattices, since their dimensionality is the same. The positions of kinks observable on both curves are different since the numbers z k are mostly unequal for these crystalline lattices. In particular, we have z 1 = 6 for sc while z 1 = 12 for fcc lattice. This difference causes a different limiting critical temperature behaviour for both lattices when n → ∞.
The effects of the interaction anisotropy are studied in Fig. 5 , where the results of critical temperature calculation are compared for sc 3D lattice with either Ising or isotropic Heisenberg couplings. It is evident that the critical temperatures are lowered by switching from the anisotropic to isotropic coupling. This effect is least remarkable for low n and becomes gradually more and more pronounced when n increases. The slope on the double logarithmic scale is the same for low p (see Eq. 12) and does not depend on the interaction anisotropy ∆. However, the limiting high-n behaviour differs, for the Pair Approximation predicts T c = 0 below p c = 2/z 1 for ∆ < 1 and below p c = 4/z 1 for ∆ = 1 (in agreement with Ref. 56) ).
It can also be of interest to study the dependence of the critical temperature on index 
Final remarks and conclusion
In the paper the Pair Approximation method for spin-1/2 systems with the long-range couplings of ferromagnetic character and random site dilution has been applied. In particular, exponent (p 1.9 ) is obeyed by spin-glass freezing temperature in Co-based II-VI DMS. [64] [65] [66] Also in a wide class of Mn-based DMS power-law dependence of freezing temperature on magnetic ion concentration is confirmed. 67) In our plots the dependence of the critical temperature on the concentration of magnetic atoms for various lattices of different dimensionality has been illustrated.
In our work we focused our attention on the phase transition temperature calculation.
The critical behaviour in the vicinity of the phase transition has not been studied; however, it has been known that the critical exponents in the PA method are the same as in the Landau theory, i.e., given by MFA. For the regular lattices such classical critical exponents present an approximation. It has also been shown that the PA method gives exact results when is applied for the Bethe lattices with NN interactions.
68)
The differences between the Ising and Heisenberg models in the PA method can be no- ). Unfortunately, for NN interaction the PA method is not able to distinguish between 2D triangular lattice with z 1 = 6 and 3D simple cubic lattice. However, such lattices are distinguishable for the long-range interaction (Fig. 3) .
As far as the NN interactions are concerned within the PA method, a difference between the Ising and Heisenberg models can also be found in the low-temperature behaviour of magnetic susceptibility. For instance, it has been found in Ref. 57) that the susceptibility in the isotropic Heisenberg bilayer in the vicinity of T = 0 diverges like ∝ 1/T . One can suppose that such kind of behaviour may also occur for the long-range interactions; however, it needs more extended studies of all thermodynamic properties, which is beyond the scope of the present paper.
As far as the low-dimensional magnetism is concerned, we found that a non-zero critical temperature is found in all the systems where the interactions extend to infinity, provided n > d. This result is in accordance with theoretical predictions of several papers, for example:
Quantum Monte Carlo method for 2D Heisenberg model, 33) spherical model in 1D Ising system, 2) one-and two-dimensional quantum Heisenberg model studied by spin wave theory, 34) Green Function technique 35) and Spectral Density method. 36) Another interesting limit of interaction considered in literature is n = 0, i.e., when the As for the context of the validity of our approach, let us once more put emphasis on the fact that our description is valid when the interaction decays appropriately fast with the distance (i.e., n > d for J (r) ∝ r −n )). Therefore, such a kind of 'long-range interactions' does not involve the systems for which the standard formulation of thermodynamics is not working properly: 1) for example, due to failure of extensivity of some thermodynamic variables caused by a slow decay of interactions. As a consequence, the interactions we consider fall into the category of the 'weak long-range interactions' according to classification in Ref. 1) However, we are convinced that such a class of interactions is interesting; for example, from the modern magnetic systems point of view.
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Appendix A: Determination of the critical temperature
The set of equations for the variational parameters takes the form of: 
where the values of the index k = 1, 2, . . . number the subsequent coordination zones for the considered crystalline lattice. First, let us assume that the set of equations is truncated after k max -th coordination zone, i.e. k = 1, . . . , k max .
The variational parameters Λ and Λ Finally, the critical temperature can be expressed as follows:
for d = 1, 2, 3.
